ON THE REPRESENTATIONS OF AN INTEGER AS
THE SUM OF PRODUCTS OF INTEGERS

BY
S. M. JOHNSON

1. Introduction(!). The problem of finding the number of representations
of an integer NV as a sum of products of pairs of positive integers was first
studied by Ingham and Estermann. By elementary methods Ingham [5](2)
found an asymptotic formula for the number R(N) of representations of N as
a sum of two products of pairs. His result was R(N) =(1/2{(2)) -0(N) log? N
+O0(c(N) log N) where o(N) is the sum of the divisors of V.

Estermann [2; 3], using Hardy and Littlewood’s circle method of analytic
number theory, found a more precise asymptotic formula for the above
problem and also for the case of representing IV as a sum of three products
of pairs of positive integers. The error terms were smaller than the leading
terms by an order of a fractional power of NV.

Equivalent forms for these expressions are

> d(a)d(b), a, b >0, and Y, d(a)d(b)d(c), a, b, ¢ > 0.

a+b=N a+btc=N

A similar type of problem involving sums of the form Y.<y d(n)d(n+b),
b fixed, has been solved asymptotically by Ingham [5] and later by Estermann
[3]. Bellman [1] studied > .<wv d(n)ds(n+bd) and D .<nv d(n)di(n+b).
Titchmarsh [7] used the circle method to obtain heuristic results for various
problems of these types involving triple products. He studied the conjecture
that correct results could be obtained in a number of problems by proceeding
in the same way as for products of pairs. No rigorous techniques are available
at this time to handle the error terms. His conclusion was that the conjec-
ture is false in the case of Y.<y d2(n). The heuristic result did not agree with
the result given by elementary methods.

In the present paper we solve a particular problem involving products of
triples by a modification of the circle method considerably different from
that used by Estermann and Titchmarsh. We obtain an asymptotic formula
for the number of representations of an integer NV as a sum of three products
of triples and show how the method may be generalized to the case where NV
is represented as a sum of k n-tuple products (=3, n=2). A further gen-

Received by the editors November 26, 1952.

(1) The results of this paper are contained in a thesis submitted in partial requirement for
a Ph.D. degree granted in 1950 at the University of Illinois. The author wishes to express his
gratitude to Professor L. K. Hua for his guidance in this problem.

(2) Numbers in brackets refer to the bibliography at the end of the paper.

177
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eralization leads to the case where the jth product term has »; factors. For
k=2 the method used here fails to handle the minor arc error terms.

Only the leading term is obtained with error terms smaller by an order
of 1/log N. More precise results for some of the error terms could be found,
but this would not help the final result in view of Lemma 3. In the special
case for products of pairs our result checks with the leading term of Ester-
mann’s results.

2. Analytic formulation and Farey dissection. We first consider the prob-
lem of representing IV as a sum of three triple products. Subsequently we shall
show how the results may be generalized to k products where 2= 3 and ;= 2,
j=1,2,-- -, F

Let R(N) be the number of solutions of NV =xy1%12%13+ X2120%23 + %31 %3253
where the x’s are positive integers. Our fundamental generating function will
be

S@) = D ewimmmt x;>0,7=1,2,3.
z, 29 23S N
This technique of using trigonometric polynomials in place of power series
is due to Vinogradoff. It obviates many difficulties of convergence, analytic
behavior, etc. which are present in the original circle method of Hardy,
Littlewood, and Ramanujan.
We note that

(1) R(N) = fo lS"'(t)e"”‘N tdt.

We now begin the Farey dissection. One must divide the unit circle into
a collection of so-called major arcs and minor arcs in such a way that the
integration in (1) over the major arcs gives the correct leading term in the
asymptotic formula. This is done by a suitable choice of parameters defining
these arcs, which can be obtained only by a certain amount of trial and error
and experience. In our case we let P = N'3and Q = NV/12, Then

1-1/Q
(2) R(N) = f S3(t)e-2riN gy
-1/Q
since the integrand has period one.

Consider the set of % and ¢ such that 1 =k =<¢=<Q with (&, ¢)=1. Let M;,
be the set of all ¢ such that |t—h/g| <1/¢Q and —1/Q<t=<1—1/Q, where
1SgS NV12=PU4 It is easily seen that no two sets M,, overlap. Let E
be the set of all £in (—1/Q, 1—1/Q) but not in any M;,. Then

® Ry = ( 1§q§P‘“ léhéqz,(:h,q)-l thq + fz) SHpeirinas

It will be shown in the next section that the contribution to R(N) from the
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set E is of smaller order of magnitude than that from the set of major arcs
M,

3. The minor arcs. In order to obtain our estimate we use the obvious
inequality

f S}t e2riNtds < (max | S(2) ]) f | S(8) |2de

< (max [s01) [ " [50 o

For subsequent use we require

¢y

) J IS = S @ m)r = o), e> 0.
0 mSN

LeMMA 1. Let Co be the set of conditions 1<x;=P, j=1, 2, 3, and C, the
set of conditions x1xsx3 < N, x1%0, S P2, x, S P. Let

(3) So(t) = Z e2rizlzzzat, Sl(t) = Z e2Tizizezat

Co C,
Then S(t) =So(t) +3S5:1(2).

Proof. This is merely a special case of a general combinatorial theorem
(Hardy [4, cf. p. 232]). Let M be the total set of elements each of which
may or may not satisfy one or more of the conditions 4y, : - -, Am. Let
M(A44, 4:) be the set of elements satisfying (4, 43), etc. Then the theorem
states that a decomposition of the set of elements not satisfying any of these
conditions is given by

M- ZM(AJ) + E M(AJ; Ak) (—l)mM(Ah tee ’Am)-
ki ik
Applying this result to our problem, let 4; be the condition that x;>P. Here
we have

1= > 1-3 > 1

z;SP,j=1,2,8 %) Tg 23S N 2 29 23S N, z3>P

43 > 1— > 1.

21 29 23S N, 29> P, 23>P z1 29235 N, z;>P,j=1,2,8

The last summation on the right is empty. After combining the next two
summations and solving for the first we obtain the desired decomposition.
This applied to the exponential sum yields Lemma 1.

LEMMA 2.
@ max | S(f) | = O(112+), e> 0.
ton E
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Proof. We have -

z e2rinzszat

Z;SP

Z e2rwlzazat

PSz3SN/z179

I So(?) I = Z

2)SP,z,SP

[S:)] = >

z)2,< P?

’

Let x1x;=a. Then we can write

E e?riat:l:s

23=5N/a

Z e21riatza

z3SP

NOIEXD> dz(“)(
a<p?

+

For real 4 let (4) be the distance from 4 to the nearest integer. If

min (L, 1/2(0)) is understood to be L, it follows from a well known result
(Landau [6, cf. p. 253]) that

N 1
Z glriatzs é min (_, )
%S N/a a 2at)
1 4
Z giriatzy é min (P’ ).
73S P Z(at)

Therefore

1

50| < 4 3 s fmin & 277)) +in (7. R17>>}

N 1
< in({—, —
<4 a;ﬂ dy(a) mm(a ) 2(at))
since N/a=P.

It is known (Hardy [4, cf. Theorem 36]) that for ¢ in the range —1/Q
=<t<1-1/Q, there is some pair of integers k, ¢ such that 1=k=<¢=0Q,
(h, 9 =1, and |t—h/q| £1/40Q.

On set E we have PV4<q=<(Q=P'4 Therefore we can write ta=ha/q
+ra/qQ where |7| <1. Let ha=b (mod ¢). Then (at)=(b/g+ra/qQ). As a
runs through its values 1, 2, - - -, [P?], let b be chosen so that —g/2<b=<g/2.
Each b appears at most P2/g+1 times. When =0, choose N/a=N/mgq;
otherwise choose 1/2(b/q+ra/qQ). We have (b/q+ra/qQ)=(|b|/q—a/qQ)
2 ((|8] —P-%14)/g)=(|b] — P~%4)/q since |b|/g<1/2 and |b| —P-34<gq/2.
Thus

N 1 N p? q
min { —> < ——-+2(—+1> _—
agﬂ (d 2<dl>> 1§n§1’2/q mq q 1§§q/2 b— p-in

Next, D 1zmsptq N/mq=O0((N/q) log N)=0(P'4log N) since ¢>PV4, Also,
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(P*4q) 2isbsar 1/(0—P~349)=0((P*+g) log N)=O0(P"W+* log N) since
g¢< P4 Thus |S(t)| =0(N'12+) for t on E since log N=O0O(N¢?) and
dz(a) = O(N?) for ¢>0. This completes the proof of Lemma 2.

Finally by (1), (2), and (4) we have

THEOREM 1.
(5) f Sa(t)e—2riNtdt o O(N23/l2+e)‘
E

4. The major arcs. In this section we calculate the contribution of the
major arcs to the integral expression for R(NV).

By definition, M3, is the set of t=h/q+g where |g| =1/qQ, 1=q¢=SPV4,
Q=Pu4 In order to evaluate S(f£) more precisely on a given My, we let
x;=v;+qz; where 1<5y;=¢, 2,20, j=1, 2, 3, and sum over the y’s and 2's
separately subject to the conditions on the x’s. Then for m =0, 1 we can write
1) Sn(l) = > erriklovwms Y g2rigmiza(vstes)

15y;3q,j=1,2,3 21,29.23,Cm
where Cy=the set of conditions y;+¢z; <P, j=1, 2, 3, and C;=the set of
conditions JI., (vi+g2) =N, I[5-: (vi+gz) <P, y1+gu=P.

First, sum over z; and y; in order to obtain more manageable sums. To do
this we need several results (2), - - -, (6) which may be readily demonstrated.

We note that lgaql =<1/P¥4<1/2. Then if gags#0 and 1 <a=<P? and if
2 is summed subject to P <y;+gz; <[N?/a], we have

e2rin _— eZtiaaP

(2) Z e27iga (y3tazs) = _— + 0(1)°
” 2wigaq
Also, if 2z; is summed subject to 0 <y;+g¢2; <P we have
2xigaP __
3) Z errislystass) = — 4 (O(1).
o 2wigaq

These results follow from summation of geometric series and routine
error term estimates where we make use of the fact that |gag| 1/P¥4<1/2.
Defining v(q) = 215y .5s5;aluws 1, We have, if (&, ¢) =1, that
4) Z e2rithlovwws = gy(q).
15y;5¢,j=1,2,8
Later we shall evaluate v(g) explicitly for use in the section on the singular

series.
Also, if

(5) F(g) =

1
» then F(g) =0(-——), e> 0.

1—
1591993 giqlvive Y1)2 g
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Next if we sum over y1, ¥s, %1, 22, subject to (y1+¢21) (y:+gz:) S P2, we
have

(6) > 1 =0(P%log N).

Y1:Y2,21,22

After summing over 2; and y; in (1), it follows from (2), (3), (4), (5), and
(6) that

(™) So()) = 22

eriooP — 1
——— 4+ 0(¢gP?log N)
2wiga
where the summation is over z;, 2, ¥1, ¥2 subject to y1+¢51 =P, y:+¢2 <P,
and ql yy2. Also

eZT{yN — e2rinaP
® Si(t) = 32 ————— +0(¢gP*log N)
27iga
where the summation is over 2, 2, 1, ¥2 subject to (y14g¢21)(y2+g2:) < P?

M+gz =P, and qulyz-
Then let

821'in —_— 1
© Ty=2'———
2wiga
where Y’ indicates three times the summation over z, 2, 1, ¥z, subject to
the set of conditions (y14g21) (y2+¢2:) S P2, y1+¢z1 <P, and qulyg, and let

82f€a¢P —_— 1

(10) T, = 2" .
2riga

where D>.”= > o— >/, and D, indicates summation over 2, 2, ¥, ¥z sub-
ject to the set of conditions y,+¢21 < P, y2+¢2z: < P and ql y1y2. Later we show
that terms involving T; dominate the contribution to our final result.

Thus we have

(11) S(@) = T1+ T2+ O(gP?log N).
Next note that summing over z subject to z+y/¢<[N/q], we have

1 q
=O(— lo N)
2 z+ v/q y g

so that by (5) it follows that

(12) Z'% - o(hjlz_fv).

The same result holds for " 1/a.
Then by (12) we have
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1 log*N )
lg| g :

e2n'gN — 1 1

(13) | Ty| = |——— 32—
2mg a

Similarly, we obtain a like estimate for | T%.
For future reference we need the following result:

2
(14) Both>'1 and 2”1 are O (quf_‘ils.

To establish this we sum over 2; subject to z:4¥./¢=P?/¢*(z1+y1/9)-
Then ).,, 1=P2/q*(z:+y:/q). Summing this over z;, we obtain O((P?%/gy1)
-log N)=0(P? log N/y1y:). Then summing over ¥;, y; subject to qulyg, 5)
gives(14).

Next, let Hyo= [, S¥(t)e2*#¥dt.

We have I NOIE tqz,,,.gzv 1=0(Nlog? N). Thus by (11) we also have T+
Ty=0(N log? N) since ¢< PV4< P, Therefore S3(t) = (T1+ T3)3+O(P3q logt N).

It follows that

H;,
1ShSgSPVA, (h,g)=1
1/4Q
(15) = Z > e—-2n’(hlq)Nf (Ty + T,)detrioNdyg
gSPUA  1ShSq.(hg)=1 -1/9Q

+ O(N®12 Jogs N).

Let us now show that the range of integration for H}, can be extended to
(— o, 4+ ) with an error term in H}, of O(NN*3/1%+¢) for each €>0.
We have by (13)

" ®  /log? N\3 2 log® N
f (T1 + Ta)te2#oNdg = O(f <°gl_(' ) dg) = O<Q 1_%:_._, )
1/9Q 1/2Q@ \ 89 q

Therefore, summing this over % and ¢ gives O(N?3¥/12+¢), since

0( Z E M) = 0<N“" log N Z q8¢’>'= O(N23/12+¢),
gSPUé p=g

—3e
gi—3e JS P

We have as a result

R(N) = > > e-2rithIN f (Ty + T)%e2rioNdg
(16) 1S¢S P 13hS¢q, ()=l -0

_I_ 0(N28I12+¢)‘

Next we require

0 2xigN 1 3 N2
an [ () g = =
—o 2wig 2



184 S. M. JOHNSON [March

After integrating by parts twice we obtain
1 0 4N2¢41igN — 3N2e21iaN — N28—2riaN N2
_2"f ( | )dg ~ 7

2wig
since by a well known result

0 e—aAa
(18) f dg = mi(sgn 4)
o §

where sgn 4 =1, 0, —1 if 4 is positive, zero, or negative respectively.
Expanding the integrand in (16) we get

(19) f (T1 + Tz)ae—zﬁ"lvdg =ITo+ 3+ 3.+ I3

where I,=[* T+mTre-t*Ndg, m=0, 1, 2, 3. Then

w0 1= (2 L) [ (E Y - (2 1)
a — 2mwig a 2

Later we show I, leads to the dominant term in R(N).

LemMA 3. Iy, I,, I; are complicated arithmetical expressions whose contribu-
tions to R(N) are O(N? log® N).

Proof. First consider I;. Noting that the @'s are to be distinguished by
subscript here, we can write

L) rigN _ rigPag __
I, = (Z, i) (ZI i) Z" -—1—)f (e2 ’ 1)2(62 o 1) e—2-n‘ang
a1 as as) J _, (2wig)?

where the integral (after integrating by parts as for I,) becomes O(NPas)
since the terms involving N? cancel out. Thus by (12) and (14)

mofir( (2 ) oY),

Summing over k and ¢ gives the contribution to R(N) of

1
o( > N2 log® N) = O(N? log® N).
JSPIn gF
We claim both I, and I; are also O((V? log® N)/¢* ). For we have

n= (29 (E)(E)

foo (e2fiaN — 1)(82150Pag —_ 1)(e2fiaP03 —_ l)e—ZTigng
o (2wig)®
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where the integral (after integrating by parts twice) equals
(= N + Pay + Pas)?*sgn (— N + Pay+ Pas) — (— N + Pay)*sgn (— N + Pay)
— (= N + Pag)?sgn (— N + Pa;z) + (— N)?sgn (— N).

Notice that the sign of — N+ Pa;+ Pa; can be 4 or —.
CASE 1. a;+a;= P2 Here the integral becomes

(— N + Pay + Pag)? + (— N + Pas)? 4+ (— N + Pag)? — (— N)? = O(N?)

since 0 < (— N+ Pay+Paz) £ N. However O(N?) £ O(N(Pas+Pas)) since Pa,
+Paz;>N. Then

(B2 (E5) et rea = o(e(25)(270))

and therefore in this case I, is also O(NV? log® N/g*~¢).
CASE 2. as+a;3; < P2 Here the integral becomes

— (= N + Pas + Pag)® + (— N + Pay)* + (— N 4 Pag)? — (— N)?

which is O(NPa;) so that in this case I is also O(N? log’ N/¢*). I3 can be
handled in the same way. This proves Lemma 3.
Thus we have

THEOREM 2.
1\3 N?
ey RMH=Y X% e-w/«m(z' —) M o 1o ).
¢SP4 1Sh=gq,(h,q)=1 a 2

Using the Euler-MacLaurin enumeration formula to evaluate Y.’ 1/a, we
have

3 1 log? N | O(q2 log? (¢ + 1) log N)
o (21t 91/9) (32 + 92/9) 2 Y1y '

Finally, summing over ¥, ¥z, by (5), we obtain

(22) 3 1 _ v(g) log? N + 0<log N)

X1%9 q2 2 ql-e

This leads to

THEOREM 3.

@) RM=3% e—wh/«m(”@ )3 N log' oV logs M.

=1 15hSq, (h,)m1 ¢ 2!

The sum over ¢ can be extended to 4 « since
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1\3 1
% d7m) = I, 7 = 0.
¢>PIA q >PM ¢ €

5. The singular series. We wish to evaluate

(1) em=3 3 e_z,.-wqm(%‘l)).

g=1 1=h=gq,(h,q)=1

By (4) of §4, v(q) is the number of solutions (y1, ¥2) of y1¥.=0 (mod g) where
1=y, y2=¢. v(¢) has the following properties:

(@) v(g)= ngygq (¥, ¢), where (y, ¢g) =the g.c.d. of y and g¢.
(b) v(g) is a multiplicative function of g.

(c) If p is a prime, v(p)=2p—1.
Let V(q) =(v(g)/q%3. Then V(q) is also multiplicative. Note that

e BION = C(N) = ) “<i)d
1ShSq, (hy)=1 aIN,dlg \ @
where C,(V) is Ramanujan’s sum. Collecting these results we can write
0 q 0
@ ewm-Ti = w(H)ve- T T v
d|N g=1,d|¢q d d|N a=1
We state two well known results for multiplicative functions.

For any multiplicative function f(g) where f() # 1 let
@ F&) = 3 uos(ad)
Then if p}d, F(dpm) = F@f(6™) - fm=9/(L—f(#)]. Also
@ > @V = I - v = 4.

a=1

Here A= ]], (1—{1—(1—1/p)?}%) where 4 can be readily shown to be
positive and less than one. Applying these results to the singular series, we
have

THEOREM 4.

®) e =I[a-ven>e Il

(V(l’”') - V(P'""‘))
1-V(p)
6. Generalizations. The first generalization to be considered is the case
of & n-tuple products, 2= 3, n=2. Note that the method used in §3 on the

minor arcs does not work for k=2.
In the general case we have

dIN  pm|d, o™t d
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S(n, N, &) =S@t) = 2 emimaamt,
Zye o 2, SN
and R(n, k, N)=R(N)=number of solutions of N=uxy; + + * X1n+%21 * * * X2
4 -« -« Fxp - - - Xxa where R(N) = [3Sk(2)e 27N dyt,

The Farey dissection of order Q is as follows. Let P = N» Q= Pn—l+te
0<c<1, ¢ to be assigned. For the major arcs let ¢ run from 1 to P!~ Define
Sj= D e?vinm- =t where the summation is over x; - - - x, <N, subject to
conditions that the last j of the x’s are greater than P. Then we decompose
S(t) as follows: S(t) =So(t) + Cs,151(¢) — Cpn2S2(t) + - - (—1)*Cp,n1Sn-1(t). As
in §3 we show that max;onz IS(t)I =(Q(Pr—ttete) and [pSH(t)e~2 iN!ds
< (max |S(t)|)""2j3|5(t)| !t =Q(Pn—1+aG—D4nte) On a given M, we split
up x;=2y;+¢;3; as before. Let

va-1(g) = > 1.

15y;Sqi j=1,2, + *,n—ligly1ys - * “¥n—1

Define )_; to indicate summation over ¥, * - *, Ya_1, 21, * * * , 2.1 Subject
to the conditions q|y1 cecypgandx - - X1 SP LK, W >P,m=0, - - -,].
Let

Z' = Cn.lz - Cn.2z ct (_ 1)”Cn.n—12)
1 2

n—1
DI
0
Let
les’aN — 1 ezrioaP — 1
T . r _ T = 0o
P> 2miga ’ : 2wiga

With this notation results analogous to those of §4 follow, namely,
S@¢) = T1+ T2+ O(gP*(log N)»2),
and

1/qt

Hi, = > (T1 + Ta)ketrioNdyg

1SASgS P, (h,q)=1 h,qv —1/qt

+ 0(Pn(k—1)+2—3c(log N) (n—l)lv—l).

The range of integration on each M}, can be extended to (— «, + =) with
an error term in R(N) of O(P®—1+a¢k=2+n+e) This will be the same order as
the error term for minor arcs when ¢=%/(k+1), thus making these error
terms Q(Pr¢—D—(—2/¢k+D+e) 'We have

0 e?riﬂN — 1 k Nkbl
f (___—_) e—2n‘ang - — .
o\ 2mig (k — 1)!
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Expanding (T34 7T3)* and integrating we have Io=(D_’1/a)tN*1/(k—1)!
with the other terms of order N*~!(log N)®—D¥=1/gk~¢ Thus we have
1 )k Nk—l

R(N) = Z Z e—2ri(hla)N ( Zl _ m

1SgSpl/kHl 1=h=gq,(h,q)=1 ¢
+ O(N*1(log N)(nDk-1),

The summation over ¢ can be extended to -+« with an error of
O(P—(¢—2—'*+1)) where k—2—e>0 requires k>2. Sharper estimates could
probably overcome the restriction on & here, but it seems much harder to
eliminate the restriction in the consideration of the minor arcs.

Since

> 1 _ ol (g M)t (log"‘2 N )
ql—l ’

a ¢t (m—1)!
our singular series becomes
S(n, k, N) = 2 2 emoNY(n, k, g)

15¢<0  (h,g)=1,15hZg
where V(%, h, g) = V(g) = (va—1(q)/q"~H)*.
We have the following: n1(g) =1. vm(q) = 2_ 15u=(3, O™ 0m1(¢/(¥, 9))
if m>1. Since v,(¢) is multiplicative, V(n, k, q) is also. In addition
Um(p) =p™—(p—1)™

Then as before

V(g™ — V(p™)
k, = 1-— d .
Blm & N I;I (1~ V) «%v p'"Idgwld 1-V(p)

It is interesting to check this general result for the special case #=2 con-
sidered by Estermann [2; 3]. When n=2, V(2, k, p)=p~*and [], (1—p%)
=1/¢(k). V(2, k, p™) =p—*. Thus

@ ) 1 E p—mb — p—-(m+l)h
2,k,N) = — d ( )
( S(R) aiv pmid,omi]a 1—p*

1 1
SPLES WA | F ) H P
§(k) aiv pmia $(k) aiv (k)
where ¢,(N) =the sum of the r* powers of the divisors of N. This checks
with Estermann’s leading terms.
We can write the singular series in the form

Sai(N) = IJV“ -vn2d II d1=vem)} - {1-Vem).

dIN  pm|d,pmH]a

Gl_k(N)

The factor 1—V(p)=1—{1—(1— 1/p)"1}%, for N, in a suitably defined
sense gives the probability that p does not divide the greatest common di-
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visor of the 2 products making up N. For pIN the factor {1— V(pm+1)}
—{1—V(p™)} gives the probability that p= divides the g.c.d. of the k prod-
ucts while p™*! does not. This allows for the possibility that d could divide
each n-tuple if dl N.

A further generalization leads immediately to the case where the jth
product has m; factors. For example, we can study representations of the
form N =x11%15+%21%29%03 + X31%55%'53%34.

If we let »=max; n; then consider a Farey dissection of order Q = Pn—1t¢
where P=NV" and c¢=%/(k+1). Then the error terms are the same order as
in §6. Each S(nj, t) is estimated separately and we finally get

- (log M=t N+ !
R(N) = @(N)IJI (n; — 1)1 (k — 1)1(1 + 0(log N))

Let

Vm, -+, my @) = V(@) = H(”—ﬂ>

nj—1

J

Then
S(ny -+, iy N) = IJV(“ -ven 2 II  {vem™ —vemy;

d|N pm|d,pmH] d

and the previous probability interpretation of these factors carries over.

BIBLIOGRAPHY

1. R. Bellman, On some divisor sums associated with diophantine equations, Quart. J. Math.
Oxford Ser. (2) vol. 1 (1950) pp. 136-146.

2. T. Estermann, On the representations of a number as the sum of three products, Proc.
London Math. Soc. (2) vol. 29 (1929) pp. 453-478.

3. , On the representations of @ number as the sum of two products, Proc. London Math.
Soc. (2) vol. 31 (1930) pp. 123-133.

4. G. H. Hardy and E. M. Wright, An introduction to the theory of numbers, Oxford, 1938.

5. A. E. Ingham, Some asymptotic formulae in the theory of numbers, J. London Math. Soc.
vol. 2 (1927) pp. 207-208.

6. E. Landau, Vorlesungen iéber Zahlentheorie, New York, 1947.

7. E. C. Titchmarsh, Some problems in the analytic theory of numbers, Quart. J. Math.
Oxford Ser. vol. 13 (1942).

UNIVERSITY OF ILLINOIS,
URBANA, ILL.

THE RAND CORPORATION,
SANTA MoNicA, CALIF.



